Model describing propagation of new

technologies
1. HenKkin - Polterovich's model

Levels of efficiency n=0, 1, ...

Fh(t) - the fraction of the firms which have efficiency
level n or less at time t e [0, ). For each t the
sequence F = {F,(t)} is a distribution function and the

model describes its evolution in time. It is assumed

that this evolution satisfies the following rules:

e The efficiency can only improve in time.

e The firms cannot jump over levels: if a firm has a
level n then it may transit to the level n+1 only.

e The speed of transition is a sum of two
components: innovation and imitation components.

"'th(t) = —(ot + B(1 = Fa(t)Fn(t) — Fa_1(t))) @, B > 0.(1)

o(Fh_1 - F,y) - innovation component;
B(1 — Fy(Fn_1 — Fn) - imitation component.

Initial conditions:
0 <Fh(0) <Fh,1(0) <1,n<N -1, Fh(0) =1,n>N. (1"

Boundary conditions: F (t) =0 for all t>0. 1'")



Let us denote
o0

B(t) = II (1+B(1—Fk(t»j,
k=1 o

Fn(t, A) = (1 + e7(mre(t) TI,
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Theorem (Henkin G.M., Polterovich V.M.).
Let F,, 1<n<oo, be a solution of the problem (1),
(1'),(1"). If we define A =B(0) then the following
estimation is valid

Fn(t) —Fn(t, A) <he™, 1<n<eo, t2T,

where c =

where A, T, y are constants depending on a, 3, B(0), N.
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2.Modification of Henkin - Polterovich's

model
[3(Fn ol USRS )(Fn -F, 4 ) —-new imitation component

Folt) = (@ + BFpea(t) = Fa(O)Fa(t) ~Fos (1) - @)

Let a = 0. A change of variables
T=PB¢t, ¢, (t) =Fy, 1, () —Fx_, (1)
leads to Langmuir’s lattice



(d
dt
de,
< dt = cn(cn+1 —Ch1) o n=2,..,N-1 (4)
dey
—= —cnC
dt NCN-1,
| ¢, (0)=7v, >0, n=1,.,N

3. Investigation of Langmuir’s lattice

The stable stationary solutions to (4) have the
following structure

(YI 909 A 909'"9 Yk 90) if N = Zk,

(yl 0, Y2 505eees Yk 50, Yk+1 ) if N=2k+1 )
The necessary condition for stability is

Y12Y22..2Y (2 Yie1) 20.

J.Moser proved that if ¢, (t),..., ¢y (t) is the solution to
(4) then the eigenvalues of the Jacobi matrix

( 0 m \
Je® 0 ey 0
L(t) = Je,(® 0 )
o 0 Jex(b)

\ Jen () 0

don’t depend on t and are different from each other.
If N is even then eigenvalues of the Jacobi matrix
have the structure
— Ay <Ay <we <=Apnig <Anyg <o <A, <A,

2 2




if N is odd then the eigenvalues have the structure
—A <Ay <ue<—AnN <O<Ay <o <Ay <Ay
2 2
The solution to (4) can be calculated analytically

from the following formula proved by J.Moser
At
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Theorem (Tashlitskaya Y.M., Shananin A.A.).
Solutions to the Couchy problem (4) for the
Lengmure’s finite lattice converges as t — « to a fixed
point, which is determined uniquely by initial data.
Moreover, the following relations define the character
of convergence

¢y q(t)=A0 + O(e‘“),cZR(t)= O(e(7“2k+1 "}“zl‘)t),k =1,..,n—1.

Here n={§}+1 is a number of different nonzero

eigenvalues )} >\ > ... > A% > 0 of Jacobi matrix (5),
which are determined by initial data;
v=minp2 22,k = L,n—1}> 0.
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